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l\fost results in -n4-structure theory are related to the followins two
order relations that make sense for any real Banach space D : a -

s4z ! if and only if llEll: lloll * llE - nll

- a4* u If and only if every closed ball containing 0 and gr contains
also r.

See [1] or l2f for details.
_rt is the purpose of this paper to prove a new aharacterization of( y by starting with the obvious remark that

_o4a E if and only if lln * zll g max {llall, ll y * zll} for everyzeE.
Particularly that will allow us to explain why numerical range techni-

ques and M:t'heory techniques have the sa,me buik of applicatio:ns in the
context of C*-algebras.

Tsr,onnu l. Let E be a real Banach, spnce ond let o and, y be two
elements of E. Ihen the tollowing assertions- are equioalent:

i) n4a U)ii) llo+u ll <max{llzll, llE *zll} forersery zeE,, i,.e., n4v ! in
Eni

iil nar eoery (a oertain) w' - dense subspaee af, of 8,,

/(o) < sup {g(g} lg e 8,, g4"f}, yJ e ff,.

^nrogI.i) _+ ii). P.{ t}u principle of local reflexivity (see [4]) for each
e ) 0 and each p e E" there exists a z. in -E such th-at

lla*sll < (1 * e)'ll a+z,ll < (1 + e).max {llzJl,lls *a.fi} <

*ffi.*'*{llzlbll s *z1l\

so it remains to t€,ke f,fos infimrrm in tho right hancl over E ) 0.
ii)=+iii).,Let_/e 4t- e) 0 and reN be such that $ >llEll. Then

we can consider the sublinear functional go z ff - p given by 
-'

g,lEl :inf {zlllzll - h(s,t + 'llle - }ll I h e /t}.
_ Since_p,,(E) <zllg I for every I e fft the functional pn is continuous

and thus there erists a z e tf,' such that

I@): p,lfll
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q(z) < p"(gJ for errery getr.

The second conclition yields llall < n and.llz * yll < m so by ii),

f(u) * !(a) : J@ * s) < ll/ll.lla * all <

rhen Ell/ll.max{llllall, lly*pll} <nlllli.

/(o) < nllfll - p,ff) :
: nllf ll _. inf {nllnll _ h(s) I nll1 _ hlllh e tr} :
- sup {nllf ll - nllttll * n@) _ nllE _ hlllh e *}.

w'e shall prove that the last term is < a f e, where o: snp {g@)l
9 eE', g<LfI.

. f-n factr if the contrary is true, it would exist a soquence (ho)* c lf,such that

(*) nllfll+k,(s) 2 n$h,ll+ll/- h-ll! +e* e

for all n > llyll. Oonsequenfly

(**) h,(El D a* e for m >llyll,
which yields

. m: llfr."ll < um nlllll - e : 1f1.ft+@ n+o fi-llgll

Particularly the sequence (ft,o)" is bouaded and (by passing to a subse-

quence if necessary) we oan assnme tlnat ho\ n. ny F,l,

ll/ll + lr,fil > llh,ll+ ll/- h*y+a* e

fl' n

whioh implies that

ilIn > llb,ll + ilf --hil > il/il

i.e., h(a /. Then tl(y) < o, in contradiction with (**).
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iii) +i). L.let z en and hee? with llt ll E 1. Then

h(z) * h(r) < h(z) * sup {s(y) lg efr,, I 4th} :

- sup {h(z) * g\)l g eE,, g4, h} :

- sup {(Ia - g) (z) * g(z * illg eE,, g4, b} (
< sup Illn *gll'llell * llgll .llz * ullls<,, h] <

< max {llzll,llz * sll}

and thus lln * all< max {ltzlt, llg *all} for every aeT i.e., n4a U. I
Conor,ur.Ry L. Let D be a real Banaah spaco, Ihen:

. -.i) n4 w a inU if and, onrg if I@)<sup {g(g) lg eE', g<L I} Jor eaorgfeE'. - 'o
ii) /_< * g in n, if anit onty if !@)<sup {g(g) ly e8,,, !4n n} foret:ery c eE.
tr'rom corollary 1 ii) we can infer immediately that aII 4 y-intervals

L!,Jl.rn-n' 
^re,u)'-compact 

and that the adjoint oi *ou"y operaior in the
Cunningham algebra of -D belongs to the centralizer of"E'.^

Let ( be one of the order relations 4, and (irz. We shall saythat < is triaiai provided that

n<E if. and only if" a: a,E tor some o( e [0,1].

For example, ( r, is trivial on any strictly oonvex Banach space.
Conor,r,any 2. II <7 is trinsial, om E, then 4ai* trhsial om E.
The dua,Iity outlined in corolary 1 is onry one way and an interes-ting. open question is whether the assertion ii; in cordthry r coula bestraighten up to

f 4u g in E, if and only it f(n) < sup {g@)ly eE, g4ffi}
for every u eE.

A positive-,answqr to that questiot wourd yield the following coun-terpart of corollary 2: rt 4ris triaial on E"then 4yis triaial"on 8,.
rlow thin can be the subsets ef as in Theorem 1 above.q Alfsen andEffros have noticed in [t] that

(M) n4vv in Eif-and onty if either 0 <-f(er)</(y) or l@) <.f(a)<ofor ev-ery extreme point / ot tire otrideo u"ii" bauft'oi ];
(i.e., f(n) : o.f(g) for a suitable a e [0,1]).

. Tlei1. argurnent depends upon Choquet's theory.-We can offer a(somewhat) simpler argument vid Coro[ar] 1 above. "'
6 - c. 3736
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_Qupp_ose that n4yg in E.It I is an extreme point of K, tlten g4r,
J^}o P' yie,ldg g : a./ for a suitable a e [0,1]. See [1], p. 106. Theri by
Corollary 1 i),

/(r) < sup {a'l(g)l a e [0,1]].

Since -/ is also an extreme point, we can restrict, ourselves to ilre case
'where f(n) > 0. Then the inequality above yields 0 < "f(r) < /(y).

Conversely, let f, I"/* bea convex combination of extreme points

of .K. Ry hypotheses,?it, q"n /c there exists Drt d"p e[0,1] such tnai fp(n) -: ovfr(y). Suppose lhat B,(z) is a closecl ball in -E containing 0 and y. Then

< E Lo arlfi*fu - z)l +
,t:1

- ei) lfi(a) | E r

so by Krein-Milman Theorem we can conclude lhat re-8,1a; too. I
Trlnonpu 2. Suppose that E is an M-iileal of 8". Then, n4m y in

E" if anil only if and, only if for each eutreme podnt J of the closed, unit-batl
K oJ E' either 0 < I@) < /(y) or f(il < "f(r) < 0.

ProoJ' We can proceed as in the case of the assertion (M), by noti-
cing the fact that every extreme point of Il extends uniquely to an extre-
me point of the closed unit ball -K00 of E"'.In fact, since -E is an M-ideal
of- 8", then every functional IeE'has a unique extension geZ-"'such
that llsll : ll/ll. See [2], p. 35. E

Theorem 2 reveals an interesting connection between ( rr and nume-
rical range in the case of C*-algebras. To avoid some technicalitie,r, we
shall restrict ourselves to a special case.

Let H be a eomplex llilbert space and let d(H) be the self-adioint
partof L(H,H).Itisknowntbat.il(H) is the second dual of the Banach
space -E of all self-adjoint compact operators on .H and the dual of
the Banach space of all self-adjoint nuclear operators on H ; the natural
pairing of -E' and -8" is given by (A, B) - flrace-4.B. See [3] for cletails.
The extreme points of the closed unit ball of E' are of the form (, u)u,
where ,r runs over unit sphere of. H. E is an Jl[-ideal of E" by [1], p. 167.
Then by Theorem 2 above we can conclude that

A4u B in .il(H) if and only if for each reH t'here exists an
a e [0,1] such t};rat (An, n) : e' (Bn, n].

Some comments are in order. T'et' A, B e d(H).
If. B > 0, then A4m B if and only if 0 < /" < B.
It AB - BAt then -4 4* B if and only if /-- < B- and /.+ < B+.

particularly, -A-, A+ 4 u A.
If /.< * B, then C*AC<M C*BC for every C eL(H,H).

1.

2.

3,
4.

lp, ^-o,' - ',
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